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Trees (= terms)

Ranked alphabet : (3, rank) with rank : ¥ — N
»*) = {o €3 | rank(c) = k}

The set of trees (terms) over > and a set Z is the smallest set U satisfying:
i 29 uzcu,

(i) ifk>1,0ex® ¢y, .  tp € Ts(Z), then o(t1,...,tx) € U.

We denote this set by 7% (2)
Note: 7% (Z) = 0 iff (9 u Z = 0.
Tree language : L C Tx(Z) (or: L : Tx(Z) — {0,1}).



Trees (= terms)

Example: ¥ = {c@, AW o0} Z =0

VANV
/N /\

t1 = o(o(v(a),a),v(a)) ta = o(y(a),o(a, v(a)))




Terms (= trees)

Positions In trees:

pos : T (Z) — P(N*) such that, for every t € Tx(Z),

() ift € (2 U Z), then pos(t) = {e}
(i) ift = o(ty, ..., tx), then

pos(t) ={e}U{iw |1 <i< k,w € pos(t;)}.

The label of a tree t € Tx(Z) at position w is denoted by ¢(w).

The height of a tree is denoted be height(t).



Trees (= terms)

VANVAN
VRN /\

pos(ti) = {e,1,11,111,12,2, 21} pos(ts) = {e,1,11,2,21,22,221}
ti(e) =0, t1(11) = v,t1(12) = « t2(2) = 0,t2(22) = v



Tree Automata

Syntax

A tree automaton (over X and Z) is atuple M = (Q, X, Z, F, §,v), where
e () is afinite set (states),
e X is aranked alphabet (input ranked alphabet),
e / is a finite set (variables),
e F' C (is aset (final states), and

e ¢ is afamily (6x|k > 0) of mappings, where 5, C Q* x =™ x Q
(transitions),

e v: 7/ — P(Q) is a mapping (the variate assignment).

Note: a transition has the form (q1, ..., qx, 0, q).



Tree Automata

Semantics

M= (Q,%,Z,F, 6 v)atree automaton, t € Tx(~2)

-arun of M on tis a mapping r : pos(t) — @ such that for every
w € pos(t) we have

o ift(w) = z, forsome z € Z, then r(w) € v(z),

e otherwise (if t(w) = o for some o € ©*) k > 0), then
(r(wl),...,r(wk), t(w),r(w)) € i

-arunrontis successful if r(¢) € F

- the set of successful runs of M on tis R (t)

The tree language recognized by M is

Ly ={teTs(Z)| Rm(t) # 0}.



Tree Automata

Example

Y ={c® ~D 01 7 =@, the tree language
L ={s e Tx | o(e,a)occursin s} is recognizable

Let M = (Q, 3, F,§), where
e Q={Ll,490,q0k},
o F:{QOk};

e - do: (1), (a,qa),
- 52 ( yfda, O, qui) (J—7q0k709 qui)a(quHJﬂO'a qu)a(J—ajﬂo.) J—)’
- 01 : (qok:f%qu) (J—af%J—)

Then L, = L.



Tree Automata

Example

ok O

dok O J_’)/

| «

A successful run.

1o

1o

| «

A not successful run.
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Tree Automata

Example

1o

Lo Ly

| «

A not successful run.

1o

1o

| «

A not successful run.
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Semirings
Semiring : (K, +,-,0,1)
e (K,+,0)is a commutative monoid,
e (K,- 1)isamonoid,
and for every a,b,c€e K: (a+b)-c=(a-¢c)+ (b-c)

a-(b+c)=(a-b)+(a-c)
a-0=0-a=0.

K is commutative if (K, -, 1) is a commutative monoid.

Examples :
- Boolean semiring : B=({0,1},V,A,0,1)
- semiring of natural numbers : N =(N,+,-,0,1)
- tropical semiring : Trop = (NU {o0}, min, +, o0, 0)

arctic semiring : Arct = (NU {—o0}, mazx, +, —00, 0)



Tree series

(Tree language : L : Tx(Z) — {0, 1})
Tree series : S : T»(Z) — K, where (K, +,-,0,1) is a semiring
Examples of tree series:
height : T, — N, in Arct = (NU {—o0}, max, 4+, —00, 0)
sizes : Ty, — N, inN = (N, +,-,0,1)
size : Ty, — N, inN = (N, +,-,0,1)
H#o(ea): Ix = N, inN=(N,+,-,0,1)
shortest, : T — N, in Trop = (NU {—o0}, min, +, —00, 0)
yield : Ts, — P(¥%), in Langsy. = (P(X7),U, -, 0, {e})
pos : Tx, — P(N*), in Langy
: T, — P(N), in Langy

pOSa(o,a)
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Weighted tree automata (wta) over semirings

Syntax

A wta (over 3, Z and K) is a system M = (Q,>, Z, K, F,,v), where
e K is a commutative semiring,
o [':() — K is the root weight,

e 6 = (0 | kK > 0) is the family of transition mappings, where
0 QF x 2 x Q — K,

e :/Z x (@ — K isthe variable assignment.

Note: é(q1, ..., qk,0,q) € K is the weight of the transition (q1,...,qx,0,q).

14



Wta over semirings

Semantics

M= (Q,2,Z K,F,,v)awta, t e Tx(Z)
-arun of M ontis amapping r : pos(t) — Q
- the set of runs of M on tis Ry (t)
- for w € pos(t), the weight wt (¢, r,w) of w in ¢t under r
o if t(w) = zforsome z € Z, then wt(t,r,w) = v(z,r(w))

e otherwise (if t(w) = o for some o € X% &k > 0)
wt(t,r,w) = 0k (r(wl), ..., r(wk), t(w), r(w))

e the weight of r is wt(¢,7) = || wt(t, r, w).

weEpos(t)

The tree series Sy : Tx(Z) — K recognized by M is defined by

Su(t)= > wtt,r) - F(r(e)).

T‘ERM(t)
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Wta over semirings

Example

Y ={c® AW o1 7 =@, the semiringis N = (N, +,-,0,1)
The tree series #,(..o) : s — N is recognizable.

Let M = (Q, 3%, N, F, §) the wta, where
e Q=1{L,qa,q0k},
o (L) =0,F(ga) =0, F(gor) = 1,
o - do(a, L) =0d0(cv,q0) =1,

@

- 52(J—7Qa70', qu') - 52(J—:q0kiao-7 qu> — 52(q0k7j—907 quz> —
da2(L, 1,0, 1) =1,

- 01 (

01 (Gok, V> qok) = 01(L,y, L) =1

Then Sy = #J(.’a).
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Wta over semirings

Example

» = {o® oD}, the is a semiring Arct = (NU {—o0}, max, +, —c0, 0)
The wta M = (Q, X, Arct, F, d) recognizes the tree series height, where
o Q= {p1,p2},
e I'(p1) =0and F(p2) = —o0.

Moreover, let

do(c, p1) = do(a, p2) = 0,
02(p1,p2,0,p1) = d2(p2,p1,0,p1) = 1,
02(p2, p2,0,p2) = 0,
and for every other transition (q1, g2, o, q) we have d2(q1, g2, 0,q) = —oc.

Then Sys = height.
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Tree automata = wta over the Boolean semiring B

B = ({0,1},V,A,0,1) isthe Boolean semiring
A wta (over ¥, Z and B) has the form M = (Q, >, Z, B, F, §,v), where
o [':(Q — {0,1} is the root weight,

e 6 = (0 | k > 0) is a family of transition mappings, where
O 1 QF x M) % Q@ — {0,1},

o v:Z x(@Q — {0,1} is the variable assignment.
tels(Z)isatree, r : pos(t) — Qisarunont

The weight of r is wt(t,r) =[] wt(t, r, w).

weEpos(t)

The tree series Sy : Tx(Z) — {0, 1} recognized by M is defined by

Su(t)= > wtt,r) - F(r(e)).

rE€R s (t)



Wta over semirings

We denote the class of tree series recognizable by wta over >, 7 and K by

Rec(2, Z, K).
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20
Tree series

For atree series S : Tx(Z) — K and t € Tx(Z), we write (S, t) for S(t).
We write S'inthe form S = >, ., (S,1).L.

The set of tree series over ¥, Z, and K is denoted by K {(Tx(Z2))).

The support of S'is supp(S) = {t € T=(Z) | (S,t) # 0}.
The tree series S is polynomial if supp(.9) is finite.

We write a polynomial tree series S inthe form S = a1.t1 + ... 4+ an.tn,
where supp(S) = {t1,...,tn} and (S,t;) = a;.

The set of polynomial tree series over ¥, 7, and K is denoted by
K{Tx(Z)).

Constant tree series: 3(a € K) : (S,t) =aforall t € Tx(Z);
It is also denoted by a.



Operations on trees series

K Is a (commutative) semiring.

Leta € K,and S,T € K{Tx(Z))
e scalar multiplication: (aS,t) =a- (S,t)
o sum: (S+1T,t) = (S,t)+ (T,t)

fort e Tx(Z).

Letoc e X% k>0,and Si,...,S, € K(T=(Z))

e top concatenation: (top,(Si,...,Sk),t) = (51
t=o(t1,...,tr) and (top,(Si,...,5%),t) =

t)

Note: top,, = 1.a for a € (¥,

th) -

otherW|se

. (Sk, tk) If

21



22
Operations on trees series

Lett € T5(Z) and S, T € K (Tx(2)))

e 2-concatenation: to, T

(

T ift ==z
to, T'=4 1.7 ift =2 # 2
tOpU(thZT,...,tkOZT) ift:O'(t1,...,tk>

\

e and So.T =) p (5)(St)(to:T)

e the mth z iteration: S =0and ST =S5™ 0, S+ 1.2



Operations on trees series

A tree series S € K((Tx(Z))) is z-proper, if (S, z) = 0.

If S is z-proper, then (S7"1 ¢) = (ST, t) for any m > height(¢) + 1 and
teTs(2).

For S € K{({Tx(Z)) we define the z-Kleene star S of S as follows: if S is
z-proper, then (S, ¢) = (528" W+ 4y otherwise S7 = 0.

Rational (regular) operations: scalar multiplication, sum, top,, (o € %),
z-concatenation, and z-Kleene star (z € 7).
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Rational expressions and their semantics

The set of rational tree series expressions over 32, Z and K, denoted by
RatExp (X, Z, K), is the smallest set R which satisfies Conditions (1)-(6).
For every n € RatExp(X, Z, K) we define [n] € K{Tx(Z)))
simultaneously.

1. Forevery z € Z, the expression z € R, and [z] = 1.z.

2. Foreveryk > 0,0 € 2™ and ni,...,n. € R, the expression
o(m,...,n) € Rand [o(n,...,nk)] = top, ([m], ..., [nx]).

3. Foreveryn € Rand a € K, the expression (an) € R and

[(an)] = a[n].

4. For every ni,m2 € R, the expression (n1 + 7n2) € R and
[(m +n2)] = [m] + [n2].

5. Forevery ni,n2 € Rand z € Z, the expression (1, o, 12) € R and
[(m1 0z n2)] = [m] o= [n2].

6. Foreveryn € Rand z € Z, the expression (n;) € R and

[(n2)] = [n]=-
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Rational tree series

A tree series S € K{(Ix(Z)) is arational (over X, Z and K) if there is an
n € RatExp(X, Z, K) such that S = [n]. The class of all rational tree
series over X, Z and K is denoted by Rat(X, Z, K).

Note: every polynomial is a rational tree series (note that 0 = [0« for any
o € ), Thus Rat(X, Z, K) is the smallest subclass of K (Tx(Z))) that
contains K(Tx(Z)), and is closed under the rational operations.



Rational tree series

Example

Let ¥ = {0, +) a9}, Z = {z}. We show that #, (s o) € Rat(%, Z,N).

We define the rational expressions 7, n1,n2 € RatExp(A, Z,N) by

n = moso(z,a)o.n
m = (v(z)+ o 2)+o(zm)),
Ny = (fy(z) + o(z, z))z O, «

It is obvious that [n:], [n2] € N(Tx(Z))) with [n1] = 1y ¢, and
ﬂnz]] = 1,1 (2))- Then Hn]”Tz — #o(z,a)'

26



27
Recognizable = rational

Let M = (Q, %, Z, K, F,),v) a wta with Boolean root weight.
We will show that Sy, € Rat(X, Z U Q, K).

For every P C Q and g € Q we define the tree series
Sy (P, q) € K{Tx(Z UQ)) such that for every t € Tx(Z U Q),

ZreRﬁ(t,q) wt(t,r) ifteTs(ZUQ)\Q

(SM(P7Q)7t) — { _
0 ift €@

where Ry, (t, q) is the set of all those runs r € Ry, (t) for which (i)
r(e) = q, (i) r(w) € P for every w € pos(t) \ (posy(t) U{e}), and (iii)
r(w) = t(w) for every w € posg(t).

(Here wt(t,r,w) = 1ift(w) € Q.)



Recognizable = rational

Lemmal. Let PC Q,qe Q,andp € Q\ P. Then

Su(PU{p},q) = Sm (P, q) op Sm(P,p)y.

Lemma 2. Sy = [n]|1y(z) for some n € Rat(3, ZU Q, K).

We prove by induction on | P| that for every P C @ and g € @, the tree
series Sy (P, q) isin Rat(X3, Z U Q, S).

For the induction base, i.e., P = (), we have

Su.q)= Y k(i qr0.9).0(q1, .-, qr),

k>0,0ex (k)
q1s--es qL€Q

which is a polynomial, and hence Sy (0, q) is rational. ...

28



Recognizable = rational

For the induction step, we assume that Sy, (P, q) is rational for every
g€ Q. Nowletp € @\ P. Then it follows from the Lemma 1. that also

SM(P U {p}a Q)'

Finally

~

Su= 3 (- (Su(Qrq) 00, 0) 04, 0.

qeQ
F(q)=1

) an Osz)(Z)°

Theorem. Rec(X, Z, K) C Rat(X, fin, K|y (2).
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Rational = recognizable

Facts:
1) Monomials are in Rec(3, Z, K)

2) Rec(2, Z, K) is closed under rational operations. (Many details,
commutativity is used!)

Hence Rec(X, Z, K) is a class of tree series that contains polynomials and
Is closed under rational operations.

Theorem. Rat(3Z, Z, K) C Rec(Z, Z, K).
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Normal form theorems for wta

Input: M = (Q,X,Z, K, F,6,v)

Output: M' = (Q', %, Z, K, F',§',v) such that Sy = S;;» and there is a
state g € Q' such that

e F'(qr) =1and F'(q) = 0 for every q # ¢y,
o ifgi=gqs, thend'(q1,...,qr,0,q9) = 0.
Construction: Q' = Q U {qy}, where ¢y is a new state.

Forevery o € =™, w e (Q")*, and ¢ € Q’, we define
( or(w, o, q) ifwe Q" qeq
On(w,0,q) = ¢ X .co0k(w,0,q)- Flq) ifweQ" q=qs

L 0 otherwise.




Normal form theorems for wta

Input: M = (Q,%,Z, K, F,d,v),z € Z,S.t. Sy IS z-proper.

Output: M' = (Q', %, Z, K, F',',v") such that Sy, = S), and there is a
state go € Q' such that

o v(z,q0) =1,
e foreveryqo # q € Q: v(z,q) =0,

o foreveryo € X and 2’ # z: §(...,0,q) =v' (2, q0) = 0.
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